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3.1 Fourier transform 1-D

• Let           be a function of real variable 
x,the fourier transform of           is

or
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3.1 Fourier transform 1-D cont.

• The magnitude function          is called the 
Fourier spectrum of           

• is the phase angle

Power spectrum of          (spectral density)
u:frequency variable
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Fourier spectrum is∴
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2D-F.T.
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Example
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• 3.2 DFT

{f(x0),f(x0+△x), … … f(x0+[N-1] △x)
f(x)=f(x0+x △x)

f(0),f(1),f(2)……f(N-1) denotes any N uniformly spaced samples.

DFT  F(u)=                                              for u=0,1,2,…..,N-1
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f(x)=                                            for x=0,1,2,…….,N-1

2D-DFT

for u=0,1,2,….,M-1  v=0,1,2,…N-1

for x=0,1,…,M-1  y=0,1,…..,N-1
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• EX:
f(0)=2  f(1)=3  f(2)=4 f(3)=4

[ ]∑
−

=
−=

1

0
2exp)(1)(

N

x
NuxjxfNuF π

( )

( )25.344324
1

)3()2()1()0(
3

0 4
1)(1)0(

=+++=

+++∑
=

== ffff
x

xfNF

( )

( )jF

jje

jejeexj
x

xfF

01
4
1)2(

)2(
4
1)234

4232(4
142exp

3

0
)(4

1)1( 0

+−=

+−=−+

−+−+=−∑
=

=

π

πππ



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

( )jF 01
4
1)3( +−=

4
5)1(

25.3)0(

=

=

F

F

4
5)3(

4
1)2(

=

=

F

F



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

• Impulse function condition

• Eg
f(x)            A

a
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• 1D-Discrete :

• If f and g are with same period M , then condition 
is period with M

• How to select M      M>=A+B-1
• Otherwise the individual periods if convolution 

with overlap      wraparound error
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• Extended sequence
0<=x<=A-1
A<=x<=M-1
0<=x<=B-1

B<=x<=M-1

for 
x=0,1….M-1      
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• 2D-continuous
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• 2D-discrete
array
array

Let M>=A+C-1
N>=B+D-1
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0<=x<=A-1  ,  0<=y<=B-1
A<=x<=M-1  ,  B<=y<=N-1
0<=x<=C-1  ,  0<=y<=D-1
c<=x<=M-1  ,  D<=y<=N-1

For x=0,1……M-1   ,   y=0,1…..N-1

∑∑
−

=

−

=

−−=

⎩
⎨
⎧

=

⎩
⎨
⎧

=

1

0

1

0
),(),(/1*

0
),(

),(

0
),(

),(

M

m

N

n
eee

e

e

nymxgnmfMNgf

yxg
yxg

yxf
yxf

The extended sequence



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Chapter 4
Image Enhancement in the

Frequency Domain

Chapter 4
Image Enhancement in the

Frequency Domain



Digital Image Processing, 2nd ed.Digital Image Processing, 2nd ed.
www.imageprocessingbook.com

© 2002 R. C. Gonzalez & R. E. Woods

Separability

for u,v=0,1,2,…,N-1

for x,y=0,1,2,…,N-1

Where 
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For each x, 1-DFT is computing  one row 
with value v=0,1,…,N-1

for 2-DFT F(x,v) is obtained by taking a transform

∴

∴
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< correlation > match filter

*:complex conjugate 
Convolution and correlation formula is 
similar the only difference is that the 
function g(x) is not folded about the 

origin. 
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discrete: 

for x = 0 , 1 , 2 ,….., M-1

2D-continuous
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2D-discrete

for x = 0 , 1 , 2 ,……m-1 , y =0 , 1 , 2 ,……,N-1 

correlation theorem 

Application : template or prototype matching bind 
maximum 
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<Sampling> recovering 
1-D

eg. band-limit function
f(x)  sampling fun s(x) f(x)S(x)

^^^
sample date

convolution in the fug domain is Fig 3.17 (f) 
with period  
may have overlap region center at 

if                  w overlap (A)
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To avoid overlap , we must choose 

Shannon theorem :

Complete recovery of a band-limited function    
from sampling whose spacing satisfies (A) 

To recover 

Isolate F(u) f(x) 
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Practical case : finite sample

(window fun)
distortion  (impossible to recover 

completely )
The FT can be isolated only when f(x) is band 

limited and periodic , with a period equal to 
x alowing complete recovery after 
revering , the function is extended from -∞
to ∞
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Conclusion : 

• 1. no function of finite duration can be    
band-limited
2.a function of band-limited must extend  
from -∞ to ∞ , in x domain
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0

x

y

f(x,y)

(N-1)

(N-1)
F(x,v)Row tran.

x N
F(u,v)

column

Along each row of f(x,y) and multiplying the result by N.

∴ F(u,v) is taking a from transform along each column of
F(x,v)
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<translation>

let  

∴ FT of f(x,y) can be moved to the center of its 
corresponding N * N frequency square. While
the magintude remains the same.
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< Periodicity and conjugate symmetry>
period N.  F(u,v) = F(u+N,v) = F(u,v+N) = F(u+N,v+N)
conjugate  F(u,v) = f * (-u,-v)

| F(u,v) | = | F(-u,-v) |
N/2 , N/2   Fig 3-9

< Rotation >
let 

same rotation angle   Fig 3-10

φωsin=vφωcos=uθsinry =θcosrx =
),(),( θrfyxf → ),(),( φωFvuF →

),(),( 00 θφωθθ +⇔+∴ Frf
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< Distributivity & Scaling >

< Average Value >

< Laplacian >

(outlining edge)
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< Convolution >
1-D continuous

The convolution of f(x) and g(x) is defined as

eg.
200
Nvu ==

∫
∞

∞−
−= αα dxgxfxgxf )()()(*)(

)( α−xg

α α α α

α α

)()( xgxf
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2D Function
Sampling process ∶

is a 2-D impulse function

( ) ( ) ( )∫ ∫ ∫
∞

∞−

=−− oyxdxdyyyxxyxf ,,, 000δ

( )yx,δ
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2-D train of impulse S(x,y)
A sampled fun.  
is obtained by

forming the 
product  

yΔ
xΔ

( )yx,δ

( )yxf ,( )yx,δ
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in freq domain 
is a train of impulse

with separation       ,
in u and v direction

For              image

( ) ( )vuFvu ,, ×δ

( )vu,δ

xΔ
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yΔ
1uw

x
2

1
≤Δ
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Fast Fourier Transform (FFT)

The number of complex multiplication and 
addition is 

( ) ( ) ]/2exp[1 1

0
Nuxjxf

N
uF

N

x
π−= ∑

−

=

(1D-DFT)

N 2

NNFFT 2log→
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• Let
A Fix table of         can be computed and 
build for 

assume 

]exp[ 2
W N j N−=

π

W ux

N

]/2exp[ Nxuj π−

( ) ( )WuF ux
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x
xf
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=
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MN n 22 ==

FFT Algorithm
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Define                                             u=0,····M-1

u=0,····M-1

and
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An N-point transform can be     
computed by dividing the original 
expression into two parts in (A)(B)

The first part (A) requires evaluation 
of two      -point of          and        (0,···· )

( ) ( ) ( ) ][
2
1

2Wu

M
oddeven uFuFMuF −=+∴ ( )B

<observation>

⎟
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2
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evenF oddF 1
2

−
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2
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Computation
m(n)-multiplication ,  a(n) addition for 2n=N
n=1,N=2  need   F(0)+F(1)                 (M=1)

Feven(0) point  itself
Fodd(0) itself                 

∴ F(0)  one multiplication ,one addition
F(1) one addition

m(1)=1,a(1)=2
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n=2 ,N=4
• A four point trans. can be divided into two 

parts.The first half evaluates two point M=2
2m(1)                   2a(1)                  7,8
+2                         +2 9

+2                     10

m(2)=2m(1)+2          a(2)=2a(1)+4
m(n)=2m(n-1)+2n-1 a(n)=2a(n-1)+2n

Where m(0)=0 , a(0)=0
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Number of operation

m(n)=(1/2)2nlog22
n=(1/2)Nn

a(n)=2n log22
n =Nn

O(Nn)
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Inverse  FFT

Take complex conjugate and divide by N
(1/N)f*(x)=(1/N)   

Taking FFT of F(u)* N×*

ux/N)exp(-j2*)(
1

0

π∑
−

=

N

u

uF

ux/N)exp(-j2)()(
1

0
π∑

−

=

=
N

u
uFxf
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Separable reduce computation  
complexity and  invese
transform

g: forword transformation kernal
h: invese transformation kernal
g(x,y,u,v)=g1(x,u)g2(y,v)      separable
g(x,y,u,v)=g1(x,y)g1(y,v)      separable
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g(x,y,u,v)=
=
=

2D 1D
First: 1-D transform along each now of f(x,y)

T(x,v)=

Next: 1-D transform along each column of  T(x,v)
T(u,v)=

T=AFA       BTB=BAFAB
F=BTA     (B=A-1)

]/)(2exp[)/1( NvyuxjN +− π

),(),( 1 vygxug
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1-D Fourier Transform
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∵ A are orthonormal vectors

∴

Use k longest eigenvalues and eigenvectors Ak (k≠n) 
y : k-dimension.
∴

x
T

k myAx +=ˆ

TAA =−1

x
T myAx +=
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∵ A are orthonormal vectors
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Use k longest eigenvalues and eigenvectors Ak (k≠n) 
y : k-dimension.
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