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FIGURE 4.1 The function at the bottom is the sum of the four functions above it.
Fourier’s idea in 1807 that periodic functions could be represented as a weighted sum
of sines and cosines was met with skepticism.
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Pafsel C. Gomeale:

o Let f(x)be afunction of real variable
x,the fourier transform of f(x) is

F{f (0} =Fu)= [ f()exp(—j2mmydx  J=-1

—00

FH{F(u)}= f(x)= TF(u)exp[ j2zux]du

F(u) =R(u)+ JI(u) F(u)=|[FU)le

or _1_ | (u)
FU=[RU+Q)]* ¢)=tan W}
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.1 Fourier transform 1-D cont.

« The magnitude function |F(u)| is called the
Fourier spectrum of f(X)

* ¢(u) Is the phase angle
P(u)=|F () =R*(u)+17%(u)

Power spectrum of f (x)(spectral density)
u:frequency variable
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i (u)= j f (x)exp( — j2mux )dx

— 00

:jAexp( — J2mux )dx
0

_ A e—jz/lux X
— 2 Jxu 0
A

e jrux e~ J 7Tux ]e— J 7T ux

— J2nru

J 7Tux

isin( TUxX )e~
U

e” =cos x+ jsin x (Eulor )
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Fourier spectrum IS

A " — j7ux
\F(U)\=|EISIH(7ZUX)||6’ |
_ Ax sSin( zzux)
AUX
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(x,y)}z F(u,v)= ” f(X,y)exp[—j27(ux + vy)]dxdy

www.imageprocessingbook.com

FHF (u,v)}= f(x,y)= TJF(u,v)exp[ j27 (ux + vy)]dudv

u,v : frequency variables
F(u,v)|=[R2(u,v) + 12(u,v)] 2

P(u,v) = \F(u,v)\2
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o0

F(u,v)= ”f(x, y) exp[— )27 (ux + vy)]dxdy

—00

X
=A j exp(— J2zux)dx joy exp(— J2zvy)dy
0
— J 2 mux X — j2Avy Y
ReeTive
— 24U | | J2#nu |,
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Cont.

sin( zuX ) o - i }[Sin( zuyY ) o i }

zuY

F (u,v)] = AXY {sin( ux)}{sin( vY )}
| UX vY
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FIGURE 4.2 (a) A
discrete function
of M points, and
(b) its Fourier
spectrum. (¢) A
discrete function
i with twice the
number of
nonzero points,
and (d) its Fourier
spectrum.
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5l > DF
6
5 F
4
X3t
2 F
1+
0
x0 x1 X2 x3 X5 X6
X
{f(Xo), F(Xg+AX), ... ... f(x,+[N-1] AX)

—F(X)=F(X,+x AX)
f(0),f(1),f(2)...... f(N-1) denotes any N uniformly spaced samples.

. DFT F(u)=7 Z f(X)exp[ j2nuxIN| foru=0,1,2,.....,N-1
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Rl ()= ZOF(U)eXp[JZﬂuxlN} for x=0,1,2,.......N-1

2D-DFT
FUN)= i MZ_ Z_ o ylexp(— 2 Wy + 4|

0y=0
for u= 012 ,M-1 v=0,1,2,...N-1

f(x,y)= z ZFuvexp(sz[UX/M VVND

u=0u=0
for x=0,1,....M-1 y=0,1,.....,N-1
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f(0)=2 f(1)=3 f(2)=4 f(3)=4

1 N_-1 .
F(u) = > f(x)exp [- j2zux /N |
X=0

F (0) = f(x)=2(F(0)+ f@)+ f(2)+ f(3))

I(2+3+4+4_325)

N
3
N =,

[HEN

Fo)=1 zf(x)exp( 2 j 7 /4)= 1(2e0+3e 17)2 | g 17
420
+4e” 13”/2)=Z(—2+ i)

F(2)=—,0+0]
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F(2) =1

F(3)| =

|
~| &
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FIGURE 4.3

(a) Image of a
20 % 40 white
rectangle on a
black background
of size 512 X 512
pixels

(b) Centered
Fourier spectrum
shown after
application

of the log
transformation
given in
Eq.(3.2-2).
Compare with
Fig.4.2.
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o a
pct b

FIGURE 4.4

(a) SEM image of
a damaged
integrated circuit.
(b) Fourier
spectrum of (a).
(Original image
courtesy of Dr. 1.
M. Hudak,
Brockhouse
[nstitute for
Materials
Research,
McMaster
University,
Hamilton,
Ontario, Canada.)
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Frequency domain filtering operation

Inverse
Fourier
transform

Filter
function
Hiu,v)

Fourier
transform

Hu, v)F(u,v)

Pre-
processing

Post-
processing

f(x.y) g(x, y)
[nput Enhanced
image image

FIGURE 4.5 Basic steps for filtering in the frequency domain.
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 Impulse function condition
| T ()3 (x=Xo)dx = f (xo)

_OO o(X—x)dx =1

. Eg
f(x) A

S
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g(X)=0(x+T)+o(X)+o(x=T)
g(a) |

A A A

K

F(x)*9(x)
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Convolution Theorem

T (x)*g(x) & F(u)G(u)
T (x)9(x) & F(u)*G(u)

. }(QTRJEQEQ}_?_;(A_D 9(0),9(1),9(2)....g(B-1)

 |f fand g are with same period M , then condition
IS period with M

e How to select M M>=A+B-1

e Otherwise the individual periods if convolution
with overlap — wraparound error
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fe(X)<

Qe(X)s

(f(x)
0 O<=x<=A-1

fg(x) A<=x<=M-1

fo(X) *

.

0 O<=x<=B-1
B<=x<=M-1

0:(X) =1/M Y fe(m)ge(x — m)
M =0 for

x=0,1....M-1
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o 2D-continuous .

FOu*a(0y) = | fla Ba(x-a,y-p)dads
F(x,y)*9(x,y) < F(u,v)G(u,v)

F(x,y)9(x,y) = F(u,v)*G(u,v)
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o 2D-discrete
f(x,y)—> A*B array
g(x,y) >C*D array
Let M>=A+C-1
N>=B+D-1
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The extended sequence

O y) = {f(x, Y) 0<=x<=A-1 , 0<=y<=B-1
0 A<=x<=M-1 , B<=y<=N-1
X, =x<=C- <=vy<=[)-

ge(x,y):{g( y) 0<=x<=C-1 , 0<=y<=D-1
0 c<=x<=M-1 , D<=y<=N-1

M-1N-1

fe*ge=1/MN Y > fe(m,n)g(x—m,y—n)

m=0 n=0

For x=0,1...... M-1 , y=0,1.....N-1
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FIGURE 4.6
Result of filtering
the image in

Fig. 4.4(a) with a
notch filter that
set to 0 the
F(0,0) term in
the Fourier
transform.
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Hiun, v)
i

ab
cd

FIGURE 4.7 (a) A two-dimensional lowpass filter function. (b} Result of lowpass filtering the image in Fig. 4.4(a).
{c) A two-dimensional highpass filter function. (d) Result of highpass filtering the image in Fig. 4.4(a).
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FIGURE 4.8

Result of highpass
filtering the image
in Fig. 4.4(a) with
the filter in

Fig. 4.7(c),
modified by
adding a constant
of one-half the
filter height to the
filter function.
Compare with
Fig. 4 4(a).
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Image Enhancement in the
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g

FIGURE 4.9

{a) Gaussian
frequency domain
lowpass filter.

(b) Gaussian
frequency domain
highpass filter.

(c) Corresponding
lowpass spatial
filter.

(d) Corresponding
highpass spatial
filter. The masks
shown are used in
Chapter 3 for
lowpass and
highpass filtering.
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Hiu. v) H(u.v)

= D(u, v)

abc

FIGURE 4.10 {a) Perspective plot of an ideal lowpass filter transfer function. (b) Filter displayed as an
image. (c) Filter radial cross section.
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aaaaaaadd

ab

FIGURE 4.11 (a) An image of size 500 X 500 pixels and (b) its Fourier spectrum. The
superimposed circles have radii values of 5, 15, 30, 80, and 230, which enclose 92.0,
V4.6,96.4,95.0, and Y9.5% of the image power, respectively.

© 2002 R. C. Gonzalez & R. E. Woods



igital
Image
Processing

Digital Image Processing, 2nd ed.

Chapter 4
Image Enhancement in the
Freguency Domain

www.imageprocessingbook.com

F - |
enmE N
Oo@oa .
NN s 8
aaaaaaad

il d
|

YT Y P

saannaa

c-unEl

ol .
T

aaaaaaad

.--....
[ ]

=
(I

aaaadaaadaad

FIGURE 4.12 (a) Original image. (b)—(f) Results of ideal lowpass filtering with cutoff

ab
¢ d frequencies set at radii values of 5, 15, 30, 80, and 230, as shown in Fig. 4.11(b). The
e I power removed by these filters was 8, 5.4, 3.6, 2, and 0.5% of the total. respectively.
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!
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ab v U U W/
cd
FIGURE 4.13 (a) A frequency-domain ILPF of radius 5. (b) Corresponding spatial

filter (note the ringing). (¢} Five impulses in the spatial domain, simulating the values
of tive pixels. {d) Convolution of (b} and (c) in the spatial domain.
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Hu,v) H(f{- )
) 1.0
. 1 —v 05
abec

FIGURE 4.14 (a) Perspective plot of a Butterworth lowpass filter transfer function. (b) Filter displayed as an
image. (c) Filter radial cross sections of orders 1 through 4.
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Freguency Domain
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g b FIGURE 4.15 (a) Original image. (b)—(f) Resulls of filtering with BLPFs of order 2,
¢ d  with cutoff frequencies at radii of 5, 15, 30, 80, and 230, as shown in Fig. 4.11(b).

e [ Compare with Fig. 4.12.



Digital Image Processing, 2nd ed.

Chapter 4
Image Enhancement in the
Freguency Domain

www.imageprocessingbook.com

abcd

FIGURE 4.16 (a)—(d) Spatial representation of BLPFs of order 1, 2.5, and 20, and corresponding gray-level
profiles through the center of the filters (all filters have a cutoff frequency of 5). Note that ringing increases
as a function of filter order.
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Hu, v) H(u.v)

0.667

D{u,v)

abc

FIGURE 4.17 (a) Perspective plot of a GLPF transfer function. (b) Filter displayed as an image. (c) Filter
radial cross sections for various values of 1),,.

© 2002 R. C. Gonzalez & R. E. Woods



{mage — Digital Image Processing, 2nd ed.

Processing

www.imageprocessingbook.com

Chapter 4
Image Enhancement in the
Freguency Domain

cenmm [ e
et a J
il

aaaaaaad

|

»d |~a
(I i

sandaaaga saaaaaaad

] ]
o0 o0 Sl

aaaaaaad aaaaaaad

FIGURE 4.18 {a) Original image. (b)-(f) Resulls of fillering with Gaussian lowpass  a b
filters with cutofl frequencies set at radii values of 5, 15, 30, 80, and 230, as shown in-~ ¢ d
Fig 4.11(b). Compare with Figs. 4.12 and 4.15. e [
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FIGURE 4.19

{a) Sample text of
poor resolution
{note broken
characters in
magnified view).
(b) Result of
filtering with a
GLPF (broken
character
segments were
joined).
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Historicaliy, certain computer
programs weare written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00”

as 1900 rather than t:l%r
2000,

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"

as 1900 rather than the yE&r
2000.
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FIGURE 4.20 (a) Original image (1028 x 732 pixels). (b) Result of filtering with a GLPF with D, = 100.
(c) Result of filtering with a GLPF with D; = 80. Note reduction in skin fine lines in the magnified sections
of (b) and (¢).
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FIGURE 4.21 (a) Image showing prominent scan lines. (b) Result of using a GLPF with D, = 30. (¢) Result
of using a GLPF with Dy = 10. (Original image courtesy of NOAA.)
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FIGURE 4.22 Top row: Perspective plot, image representation, and cross section of a typical ideal highpass

filter. Middle and bottom rows: The same sequence for typical Butterworth and Gaussian highpass filters.
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FIGURE 4.23 Spatial representations of typical (a) ideal, (b) Butterworth, and (c¢) Gaussian frequency
domain highpass filters, and corresponding gray-level profiles.
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FIGURE 4.24 Results of ideal highpass filtering the image in Fig. 4.11{(a) with Dy = 15, 30, and 80,
respectively. Problems with ringing are quite evident in (a) and (b).
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FIGURE 4.25 Results of highpass filtering the image in Fig. 4.11(a) using a BHPF of order 2 with D, = 15,
30, and 80, respectively. These results are much smoother than those obtained with an [LPF.
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FIGURE 4.26 Results of highpass filtering the image of Fig. 4.11(a) using a GHPF of order 2 with D, = 15,
30, and 80, respectively. Compare with Figs. 4.24 and 4.25.
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FIGURE 4.27 (a) 3-D plot of Laplacian in the frequency domain. (b} Image representation of (a).

(c) Laplacian in the spatial domain obtained from the inverse DFT of (b). {d) Zoomed section of the origin
of (c). (e) Gray-level profile through the center of (d). (f) Laplacian mask used in Section 3.7.
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FIGURE 4.28

(a) Image of the
North Pole of the
moon.

(b) Laplacian
filtered image.
ic) Laplacian
image scaled.

(d) Image
enhanced by
using Eq. (4.4-12).
(Original image
courtesy of
NASAL)
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FIGURE 4.29
Same as Fig. 3.43,
but using
frequency domain
filtering. (a) Input
image.

{b) Laplacian of
(a).(c) Image
obtained using
Eq. (4.4-17) with
A= 2.(d)Same
as (c), but with

A = 2.7.(Original
image courtesy of
Mr. Michael
Shalfer,
Department of
Geological
Sciences,
University of
Oregon, Eugene.)
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FIGURE 4.30

(a) A chest X-ray
image. (b) Result
of Butterworth
highpass filtering.
(c) Result of high-
frequency
emphasis filtering.
(d) Result of
performing
histogram
equalization on
(c). (Original
image courtesy
Dr. Thomas

R. Gest. Division
of Anatomical
Sciences.
University of
Michigan Medical
School.)
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filtering approach
for image
enhancement.

FIGURE 4.31 _
flx.y) O In |Z:> DFT H(u.t‘)li:>(DFT)" exp glx, v) ety

H(u.v) FIGURE 4.32
Cross section of a
circularly
symmetric filter
function. D(u, v)
Yl . . is the distance
from the origin of
the centered
transform.

D(ru. v)
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FIGURE 4.33

{a) Original
image. (b) Image
processed by
homomorphic
filtering (note
details inside
shelter).
(Stockham.)
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FIGURE 4.34 A Y ' I ff’
. = i [ ! ' H i i
(a) Fourier _ prmt™s | et e L e | et e )
spectrum showing -M2 0 ME o AN 0 M2 M-1
back-to-back p+———One pericd ——» ' b+———One period ———w|

half periods in

the interval

[0, M —1].

(b) Shifted
spectrum showing
a full period in the
same interval.

(c) Fourier
spectrum of an
image, showing the
same back-to-back
properties as (a),
but in two
dimensions.

(d) Centered
Fourier spectrum.
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FIGURE 4.35
Computation of
the 2-D Fourier
transform as a
series of 1-D
transforms.

1-D 1-D
row column
transforms transforms
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FIGURE 4.36 Left: —t } = — t i
cD]]".’O]'L]_ti_O“_ Df i Jiwy i i L] din
two discrete him) him)
functions. Right: ' !
convolution of the
same functions,
taking into i
account the N - _ -
i.n]P]jﬂd i Jiwi 4 i L] i
periodicity of the hi—m) h{—m)
DFT. Note in (j) $ 1
how data from
adjacent periods
corrupt the result !
of convolution. S " i : -
i i i 1] (1] i
hix — m) hix — m)
L
— Y — —  u—
i ) ‘|I|| ) JIIII e ] JIII 4|I|| i
flx)=glx) fix)=glx)
'] [
_'! + .\ l‘; ..... 1+ ’_\k //
o AN VANV
+—t+——+ ——t —- +— +— Lanit
i R{TT) i i LT O i N o Jind

Rangs of
Fourier transform
computation
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L1 =F e Bl -}

FIGURE 4.37
Result of
performing | :
convolution with i H \ \ , "
extended [ E 0 P

functions. i
Compare fgfm)
Figs. 4.37(e) and
4.36(e).

ho(—m)
+ m
i i i
hx —m)
— v f—
+ mn
i i "
Fulx)* hofx)
i \‘\ 11'
/ \\\ f}
N . /
---------- / } £ x
uuuuu i BN

|-— Range of Fourier transform —-|
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| o) | -
|"' i "l B (1 ‘b
5 , I - ¢
! ncorrect
---------------- FIGURE 4.38
[llustration of the
A i need for function
Correct original images padding
T (a) Result of
v | performing 2-D
1 @] A T .
! T convolution
! < without padding.
i (b) Proper
! o Zero padding [_'mu:l\iun padding.
! Missing (c) Correct
] -
; convolution
! _r result.
Y T P— | 0 |
Result of filtering in the frequency domain without Properly extended { padded) image
properly padding the input images.
-+
P Correct
P=A+C-1
_‘I_L I O0=B+D-1
| Q "l

Result of filtering in the frequency domain with
properly padded input images.
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- d

g
e -
FIGURE 4.39 Padded lowpass filter is the spatial domain {only the real part is shown). canbbbia

FIGURE 4.40 Result of filtering with padding. The image is usually cropped to its
original size since there is little valuable information past the image boundaries.
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Separability
1 N2 N-1
F(u,v) :NZexp{— j2uxN]> " f (x, y)exp— j2avyN]
x=0 y=0

www.imageprocessingbook.com

Ve
34

MES
“E%.4
- o)) A

v

.
i P
1 ~
- tatvel €. Gomeales
——

-
~,

foru,v=0,1,2,... N-1

F(x y) =~ 3 expli2au/N]Y- F (u,v)expl j2mvy/N]

for x,y=0,1,2,...,N-1

2D 51D . F(u,v) = %NZlF(x,v)exp |- j2zux /N |
Where F(x,v) = N{;Nzlf(x, y)exp[- j2zvy /N ]
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For each x, 1-DFT is computing one row

with value v=0,1,... ,N-1

for 2-DFT F(x,v) Is obtained by taking a transform

© 2002 R. C. Gonzalez & R. E. Woods
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< correlation >=>match filter

fO0 - 900= §° fx(a)a(xta)da

*.complex conjugate
Convolution and correlation formula Is
similar the only difference Is that the
function g(x) Is not folded about the
origin.
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e
1 H-1

— E f;h (m) ge {(x+m)
M a=I[)

forx=0,1,2,......, M-1

2D-continuous

f(x,y)° g(x,y) = Su:j f*(a,B)e(x+a,y+p)dadp
\ \

© 2002 R. C. Gonzalez & R. E. Woods
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B 2D-discrete

M-1 M-
f(x,¥) e g{x,y) = LI f*fm,n)g{x+m,y+n)
e M’N m=0 =0 &
forx=0,1,2,...... m-1,y=0,1,2,......, N-1

correlation theorem
fF{x,y)° g{x,y) <=> F*{u.v)G(u,v)
f(x,y)g(x,y)<=>F*(u,v) - G(u,v)

Application : template or prototype matching bind
maximum

g

© 2002 R. C. Gonzalez & R. E. Woods
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<SampI|ng> ->recovering
1-D

eg. band-limit function

f(x) sampling fun s(x)=>» f(x)S(x)

NNN

sample date

convolution In the fug domain is Fig 3.17 (f)
with period L

AX

->may have overlap region center at -
if - < w-overlap (A)

hbook.com

© 2002 R. C. Gonzalez & R. E. Woods
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1 .
- < AX

Shannon theorem :

Complete recovery of a band-limited function
from sampling whose spacing satisfies (A)

To recover

G(u)={ ~su~ Isolate F(u)>f(x)

otherwilse

© 2002 R. C. Gonzalez & R. E. Woods
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Practical case : finite sample

www.imageprocessingbook.com

h( X ): {lﬂ De=x«=X
(window fun)
—> distortion (Impossible to recover
completely )

The FT can be i1solated only when f(x) iIs band
limited and periodic , with a period equal to
X=> alowing complete recovery - after
revering , the function is extended from -oo
to oo

© 2002 R. C. Gonzalez & R. E. Woods
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Conclusion :

e 1. no function of finite duration can be
band-limited

2.a function of band-limited must extend
from -co to co |, In x domalin

© 2002 R. C. Gonzalez & R. E. Woods
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Processing

Along each row of f(Xx,y) and multiplying the result by N.

. F(u,v) Is taking a from transform along each column of

F(X,V)
0 _
(N-1) y
f(x,y) Row tran. F(x,v) F(u,v)
(N-1) <N column

© 2002 R. C. Gonzalez & R. E. Woods
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| <translation>
f(x, y)exp[j2z(u,x+v,y)/ N]<==>F(u-u,,v-V,)
f (X=X, Y —VY,) <==>F(u,v)exp[-j2z(ux, +Vvy,)/ N]
let Uy =Vy = % |
~.expli2z(u,x+V,Y)N] =" =cosz(x+Yy) = (-1)
S FGY)(ED)T <=>Fu-%,v-54)
. FT of f(x,y) can be moved to the center of its
corresponding N * N frequency square. While

the magintude remains the same.

X+y

| F(u,v)expl=J27z (ux, +vy,) I NJIH F(u,v)|

© 2002 R. C. Gonzalez & R. E. Woods



Digital Image Processing, 2nd ed.

'l Periodicity and conjugate symmetry>

period N. F(u,v) = F(u+N,v) = F(u,v+N) = F(u+N,v+N)
a==dconjugate F(u,v) = f * (-u,-v)

| F(uv) | =[F(-u,-v) |

- N/2,N/2 Fig 3-9

< Rotation >
let Xx=rcos@d y=rsind u=wcoyp V=wsing
f(x,y)—> 1(r,0) F(u,v) > F(w,9)

S f(r,0+6,) < F(w,¢+6,)

N

same rotation angle Fig 3-10

© 2002 R. C. Gonzalez & R. E. Woods
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B < Distributivity & Scaling >

H G Y)+ £(x y) =S )+ H L (x y)}
af (x,y) < aF (u,v)
f(ax,ay) & =7 F (%, %)

< Average Value >

f(x,y)=+F(0,0)

< Laplacian >

VA f (X, y)=627f+52—f (outlining edge)
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s — 4 Digital Image Processing, 2nd ed.

Processing gt/

PRy -D continuous

The convolution of f(x) and g(x) is defined as

f0)*g(0) =] f(Ng(x-a)da

€0. g(x) 0(-%) g(x-a)
A A NA A
Up=Vo =7
' 1
2
» ;Cl » ;Cl
1 1 -1 a X
f()g(x)
A
0<x<1 2,0<x<1
1 1-21<x<L2
2 2
— > > 0 0
(24 1 2
f()g(x-a)
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2D Function
Sampling process :

]3_[ f(x,y)0 (X - Xo,y— yo)dxdy = j(xO, Yo)

s(x,y) isa2-D impulse function

© 2002 R. C. Gonzalez & R. E. Woods
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2-D train of impulse S(x,y)

5(x,y) A sampled fun.
IS obtained by
forming the

product 5(x,y)f(x,y)

A

© 2002 R. C. Gonzalez & R. E. Woods
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in freq domain §(u,v)x F(u,v)
S(u,v) is a train of impulse

- - 1
with separation —, a,
In u and v direction

1 Ay < 1

AX <
2Wu 2Wyv

For Nx N Image
AU =

N A X NAy

© 2002 R. C. Gonzalez & R. E. Woods
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ahb
cd
e f
FIGURE 4.41

(a) Image.
I (b} Template,
(c) and

(d) Padded
images.

() Correlation
function displayed
as an image.

([) Horizon tal
profile ling
through the

highest value in
(e).showing the
point at which the
best match took
place.

Highest correlation
value

Ciray-level
profile line
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TABLE 4.1

. . Property Expression(s)
Summary of some perty P
important | M PN (A e N
. ) yurie ansfo = AW 3 s 2 (ux/ M +vy/N)
T ne Fourier transform  F(u. v) N 2 \E{Jj(x. y)e
2-D Fourier ) '
transform. [nverse Fourier (x, y) = le NvlF(u )27 (ux/M +3/N)
transform Fix.y — T
Polar Flu, v) = |F(u, v)|e )

representation

Spectrum

Phase angle
Power spectrum
Average value

Translation

© 2002 R. C. Gonzalez & R. E. Woods

|F(u.v)| = [R¥u.v) + I*(u. v}]l’;zl R = Real( F) and
I = Imag(F)
Hu. v)
od(u, v) = tan™ R[:(u. v))

Plu,v) = |F(u. -v}|2

_ ] M-1 N-1 )
flx.y) = £(0.0) = EE] E,:-]f(vt y)
x ¥

f(x, y)elmmx/M: /N o F (& — g, v — 1)
flx = xo,y = yo) & F(u,v)e /M)
When xy = 4y = M/2and y, = v, = N/2.then
fle, )(-1)""Y <= Flu - M/2,v — N/2)

flx —M/2)y — N/2) & Fluv)(-1)""
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Conjugate Flu,v) = F*(—u,—v) TABLE 4.1
symmetry |F (1, v)| = |F(~u.—v)| (continued)
e Ifley)

Differentiation o (ju)"F(u, v)

- "F(u, 0)
() F(xy) & — 2
Laplacian Vif(x, y) = —(u® + v})F(u,v)
Distributivity J[fi(x, ¥) + folx. ¥)] = S[fi(x. y)] + I[falx. ¥)]
S[Acx y) - Alx9)] # S[filx p)] - 3[flx )]
Scaling af(x, y) = aF(u,v), flax, by) < ﬁF(um v/b)
Rotation X = rcosé y = rsind U= wcose 2 = wsing
f( B+ H[]) = Fl:m @ + H[])
Periodicity Flu,v) = Flu + M,v) = Flu.v+ N) = Flu + M.v + N)
flx.y) = f(x + M,y) = flx.y + N) = f(x + M,y + N)
Separability See Eqgs. (4.6-14) and (4.6-15). Separability implies that we can

compute the 2-D transform of an image by first computing 1-D
transforms along each row of the image, and then computing a
1-D transform along each column of this intermediate result.
The reverse, columns and then rows, yields the same result.

© 2002 R. C. Gonzalez & R. E. Woods
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Property Expression(s) TAB“? 4.1 ,
(continued)
Computation 1 ML P
. [\ s [ *(.‘C. 'r’) = ? ' F#( L‘)E 2w (xS M+uv/N)
of the inverse MN . MN =, ~
Fourier _ This equation indicates that inputting the function F*(u, v)
translorm using — jntq an algorithm designed to compute the forward transform
a forward (right side of the preceding equation) vields f*(x, y)/MN.
e Taking the complex conjugate and multiplying this result by
algorithm MN gives the desired inverse.
. | M-1N-]
Convolution® flayy=n(xy) = ——=> > f(m.n)h(x —m.y — n)
: ) MN rﬁ] n=0
) 1 M-1 N1
Correlation’ flx.y)eh(x.y) = — E D fE(m.n)h(x + m,y + n)
MN 0 w=0
Convolution fle,y)=hix,y) & Flu.v)H(u v):
theorem’ fle, h(x, y) <= Flu,v) = H{u. v)
Correlation flx,y)eh{x. y) = F*u, v)H(u, v);
theorem’ e nh(x.y) <= Flu,v) > H(u.v)

© 2002 R. C. Gonzalez & R. E. Woods
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Some useful FT pairs: TABLE 4.1 _
Impulse olx,y) = 1 (continued)
Gaussian ANV I moe 7o) o g lwt v

sin{7ua) sin(wvh)
Rectangle rect|a. b] < ab # (ua+vb)
(wua)  (7vb)
Cosine cos(2mupx + 2mpy) <=
%[ﬁ{u + uy, v + vy} + 8{u — ug, v — vy)]
Sine sin(27ugx + 27vpy) <

J% [8(u + wy.v + v} — 8(u — ug. v — vy)]

" Assumes that functions have been extended by zero padding.

© 2002 R. C. Gonzalez & R. E. Woods
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Fast Fourier Transform (FFT)

F(u)= %NZl f(x)exp[—j2zux/N] (1D-DFT)
x=0

he number of complex multiplication and
additionis N’
FFT — NlogzN

© 2002 R. C. Gonzalez & R. E. Woods
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FFT Algorithm
e |et WN:exp[_jz%]

A Fix table of W, can be computed and
build for exp[— J2zxu / N ]

FU)-23 reow s

N x=0

assume N =5 =2M

© 2002 R. C. Gonzalez & R. E. Woods
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1 1 L U\ZX 1 N U\ ZX+
:E[szof(Zx) 2$)+szof(2x+1) e @
2UX ux
W.w =W,
1.1 L ux 1 L ux u
@:”-F(UFE[M f(ZX)WM sz(ZXH)WM 2M
x=0 x=0

© 2002 R. C. Gonzalez & R. E. Woods
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Deflne Feven(U)Zﬁle(ZX)WLI\I: u:O,""M'l
1 M -1 Ux
Fodd(U)—M 4 f(2X+l)WM u=0,---M-1

© 2002 R. C. Gonzalez & R. E. Woods
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CoF(u+M ):%[Feven(u)— FosU€V 5]~ (B)

<observation>

@ An N-point transform can be
computed by dividing the original
expression into two parts in (A)(B)

@ The first part (A) requires evaluation
of two []-point of Fe.en and Fous (0, 1)

© 2002 R. C. Gonzalez & R. E. Woods
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m(n)-multiplication , a(n) addition for 2"=N
n=1,N=2 need F(0)+F(1) (M=1)

F....(0)>point itself
F,4q(0)>itself

F(0) one multiplication ,one addition
F(1) one addition
m(1)=1,a(1)=2

© 2002 R. C. Gonzalez & R. E. Woods
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Prmesamg / 7 ,p

M n=2 ,N=4
A four point trans. can be divided into two
parts.The first half evaluates two point=>»M=2

2m(1) 2a(1) 7,8
+2 +2 9
+2 10

m(2)=2m(1)+2 a(2)=2a(1)+4
m(n)=2m(n-1)+2™1 a(n)=2a(n-1)+2"
Where m(0)=0, a(0)=0

www.imageprocessingbook.co
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Number of operation

m(n)=(1/2)2"log,2"=(1/2)Nn

a(n)=2"log,2" =Nn

O(Nn)

© 2002 R. C. Gonzalez & R. E. Woods
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Inverse FFT

f(x)= Nzl F (u)exp(-j2 zux/N)

Take complex conjugate and divide by N
(1/N)YF(x)=(1/N) ZF(u)*exp( -j27uxIN)

Taking FFT of Fu)™> * x N

© 2002 R. C. Gonzalez & R. E. Woods
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b8 Scparable->reduce computation
complexity and Invese
o transform

T(u,v) = T(x,¥)9(xy,u,v)

H

Z

f(x,y)= ZZ T (u,v)h(x, y,u,Vv)

x=0 y=0
g. forword transformation kernal

h: Invese transformation kernal

g(x,y,u,v)=0,(x,u)g,(y,v)  separable
g(x,y,u,v)=g,(x,y)g,(y,v)  separable
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: g(x,y,u,v)= 1/ N)exp[- j27(ux+vy)/ N]
= g(u,x)g(y,v)
= (1/+/N)exp[-j2zux/NJL/ N exp[- j2zvy / N]

www.imageprocessingbook.com

.« 2D>1D
First: 1-D transform along each now of f(x,y)
T(XV)= Y f(x,y)g2(y,v)

Next: 1-D transform along each column of T(x,v)
TUV)= X fGay)aatau)

T=AFA BTB=BAFAB
F=BTA (B=A")

© 2002 R. C. Gonzalez & R. E. Woods
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1-D Fourier Transform

F(u) :%Ni f (x)exp[—)2zux/N]

Let an -exXp[—j27/N]— o =exp[-j2zux/N]

1 N -1
F(U)ZN— f(X)O)KIX
X =0

Llet N =2"=2M

2M -1

F(u)_—z f (X))o,

x=0

© 2002 R. C. Gonzalez & R. E. Woods
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__[_Z f(ZX)C{)u(ZX) L Z f(2X+1)a)u(2X+1)]

where Z f (2X)0s ) = f(0)wsy + f (2w,
-+ F(2M = 2)w, M
and Z f(2X+ D)@ @ = f Dol + f(3)wl?

-+ f(2M =iy

© 2002 R. C. Gonzalez & R. E. Woods
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s =exp[-j27-2ux/2M] = oy

- F(u) ——[—Mz_ll f (2X)w,, +—MZ_:1 f(2x+Dws2 w5, ]

MZ: f (2X)w,, +—Z f(2x+Dw,, o,y ]

Lt
2w

= %[Feven(u) + Fodd (W,y, ] ----@2)
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M -1
where Feven(u) = ﬁ > f(2X)oy,
x=0

1 M -1
Fodd (u) = " > f(2x+Day
x=0

foru=012,...M -1

Two further multiplication and additions are necessarry
to obtain F(0)and F(1) > 2m(1) + 2, 2a(l) + 2
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To obtain F(2) and F(3), two more additions
—>2m)+2,2a(l)+2+2
~m(n)=2m(n-1)+2"", a(n)=2a(n-1)+2"

By indiction, m(n) = % -2"l0Qg:2" = % NN

a(n) =2"1og.2" = Nn
s 1t is O(n)
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".* A are orthonormal vectors
A—l _ AT
T
X=Ay+m

Use k longest eigenvalues and eigenvectors A, (k#n)
y . kK-dimension.

X=Ay+m,
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* Mmean squar even

m K n
e =2 A2 A4 =24

j=1 j=1 j=k+1
...ems\l/ When A‘j+1 i
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===\ are orthonormal vectors
Al=AT
x=A"y+m,

Use k longest eigenvalues and eigenvectors A, (k#n)
y . kK-dimension.

X=Ay+m,
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24m T T T T T T T T T T T T T FIGURE 4042
Computational
advantage of the

1800 L _FF[ over a d_m:cl
implementation
of the 1-D DFT.
Note that the

C(n) 1200 advantage
increases rapidly
as a function of n.
600 ~
O 1 1 |

12 3 4 5 6 7 8 9 10111213 14 15
n
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