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Abstract

In this paper, we propose a scheme to identify the maximal fault-free substar-
ring. This is the first result to derive a reconfiguration scheme with high processor
utilization in the faulty n-star graph. The maximal fault-free substar-ring is con-
nected by a ring of fault-free virtual substars with dilation 3 and maximal length
of the ring is n(n — 1)(n — 2). Our proposed scheme can tolerate n — 3 faults such
that the processor utilization is % This is a near optimal result since the
maximal fault-free substar-ring is constructed by using all of the possible fault-free
(n — 2)-substars. Moreover, our algorithm can still work when number of faults
exceeds n — 3. The simulation results also show that the processor utilization is

more than 50% if the number of faults is less than % in the n-star graph.
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1. Introduction

Recently, one new interconnection network that has attracted lots of attention is the star
graph [5]. The star graph [5], being a member of the class of Cayley graphs, has been
shown to posses appealing features including low degree of the node, small diameter, par-
titionabilty, symmetry, and high degree of fault tolerance. Especially when the size of the
star graph system increases, fault tolerance is an important issue for such a large system to
continue operations after failure of one or more processors/links. In this paper, we study
how algorithms that are originally designed for fault-free star graph can be implemented on
star graph containing faults with high processor utilization. To measure the efficiency of
fault-tolerant approach, we use processor utilization ratio or PUR, which is the total number
of fault-free processors used by our reconfiguration scheme divided by the total number of

processors of n-star graph.

Much research recently has directed toward studying the aspects of fault-tolerant com-
puting on the hypercube and star graph [9] [11] [12] [19] [22] [23] [24] [25]. The hierarchy of
hypercube and star graph allow the assignment of its special subgraph, subcube and substar,
which have the same topological features as the original graph. Most of the fault-tolerant
strategies address the issue of reconfiguration once the faulty processors/links are identified.
One effective approach of the reconfiguration strategies in hypercubes is to identify the largest
fault-free subcube and use the subcube to emulate the entire hypercube [11]. An n-star graph
can be recursively decomposed into n (n — 1)-substars. The largest fault-free substar can be
easily identified and used to emulate the entire star graph. It is unreasonable to using the
largest fault-free substar approach as reconfiguration scheme since its PUR becomes at most
1/n even when an n-star graph contains only one fault. A different but related research
is studying how to allocate tasks in the complete star graph [15]. Note that this approach
is more suitable to accommodate multiple jobs on different size of substars. Therefore, the
motivation of this paper is to provide a novel fault-tolerant reconfiguration scheme in rn-star
graph so that higher PUR and lower diameter is obtained.

The major contribution of this paper is to propose an efficient reconfiguration scheme,

which can tolerate f < n—3 faults in n-star graph, such that PUR is %

and diameter is
O(n3). Furthermore, our scheme with reasonable PUR can still work when number of faults
exceeds n — 3. Based on our simulation results, it shows that our algorithm keeps PUR more
than 50% if the number of faults is less than % in the n-star graph. In addition, a novel
communication pattern with constant time cost will be presented in this paper for the sake
of easily performing algorithm on the maximal fault-free substar-ring. In this paper, we only
consider node faults and an edge fault is assumed that one of the nodes incident upon it is

faulty. We also assume that faulty nodes can neither perform calculations nor route data.

The rest of this paper is organized as follows. The primary properties of maximal fault-free

substar-ring are introduced in Section 2. Systematic technique for identifying the maximal
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Figure 1: A star graph S5 with set F' = {52341, 43152}.

fault-free substar-ring is addressed in Section 3. The performance of our approach is analyzed

in Section 4. Finally, conclusions are drawn in Section 5.

2. Preliminaries

An n-dimensional star graph, also referred to as n-star or S,,, is an undirected graph consisting
of n! nodes (or vertices) and (n — 1)n!/2 edges. Each node is uniquely assigned a label
Z1Z9 - - - Tp, which is the concatenation of a permutation of n distinct symbols {z1, z2,-- -, zn }.
Without loss of generality, let these n symbols be {1, 2, ..., n}. Given any node label
Z1---Tj- - Tp, let permutation function g;,2 < ¢ < n, be such that g;(z1---z;- - zp)=x;- - -
Z1 -+ Ty (i.e., swap z1 and z; and keep the rest symbols unchanged). In S, for any node z,
there is an edge joining = and node g;(z), and this edge is said the dimension 7. Each node
in S, is connected to n — 1 adjacent nodes by n — 1 edges. Let F' denote as a set of faulty
nodes in a faulty S,. An S,, with set F is denoted as S;. For instance, a star graph S5 with
set F' = {52341, 43152}, or S{*23*H*3192} g shown in Fig. 1.
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Each Sy, contains n disjoint Sp_1’s. Let I' = {1,2,...,n, %}, where * denotes a don’t care
symbol. Every substar of S, can be uniquely labeled by a string of symbols in I'" such that
only repeated symbol is *. Formally, a k-dimensional substar, Sy or k-substar, is denoted as
a string G = z1%2 - - - T, and number of * symbols in string G is k, where z; = * and z; € T,
2 < ¢ < n. The substar represented by G is a subgraph of S, containing all vertices obtained
from G by replacing each * with digits {1, 2, ...,n}. These vertices are connected by the
original links in S,,. For instance, the **3*1 is a 3-dimensional substar and contains the set
of nodes {54321, 45321, 52341, 25341, 42351, 24351}. Throughtout this paper, a k-substar
is said to be faulty if there exist at least one faulty node in the k-substar, where 1 < £k < n.
Otherwise, the k-substar is said as fault-free. For example in Fig. 1, substars ***41 and

***52 are faulty substars.

Definition 1 : j-split and D-split

Let G = x1x9---z;--- Ty be a k-substar with z; = *. The j-spliton G, 1 < j < mn, is
to partition G along j-dimension into & number of (k — 1)-substars, each obtained from G
by replacing z; with a legal non-+ symbol. Let D = {di,dy,--,dpm,1},m < k, be a set of
dimensions such that the x4, = *, 4 = 1..m. Then the D-split on G is to first apply a d;-split
on GG, whose result is then applied a ds-split, whose result is then applied a ds-split, etc, until
there is k(k — 1) --- (k — m + 1) number of (k — m)-substars. The final result of the D-split
on G is obtained by applying a 1-split on each of the (k — m)-substars.
|

In above definition, if j = 1 then the partitioning result does not remain substars, which is
defined as a virtual substar in the following. An S,, can be decomposed into n(n—1)--- (k+1)
copies of k-substar after applying D'-split on Sy, where D' = {d;,da,---,d;,- - ,dp_i}, for
alld; #1,1 <i<n—k, and k < n. Given a k-substar Sj, 1-split on Sj is to decompose
Sy, into k virtual substars represented as X;, 1 < i < k. The virtual substar X; = z129--- Ty,
is subgraph of Sj containing all vertices obtained from Sy, where z; is a non-* symbol and
number of * symbol of X; is k — 1. These vertices are connected as follows. Assume that d}
<dy <dy, -, <dj_y €{1,2,---,n} — {di,da,--,dp}, where zy =3y =--- = Ty
= *. For any node z in Xj, there is a virtual edge joining z and g4, (gd;, (94,(2))), 2 <j <k-1,
and this virtual edge is said the virtual dimension j. Each node in X; is connected to & — 2
virtual adjacent nodes by k — 2 virtual edges. For a fixed virtual dimension j, 1 < j <k, each
disjoint node of X;, in parallel, performs the same permutation functions g4 , 9a, and gg/
simulateousely. Under the assumption of the bidirectional link, all paths from nodes of Xj,
1 <1 <k, to one of its virtual adjacent nodes are edge-disjoint. Moreover, each node of X,

1 < ¢ <k, sending data to one of its virtual adjacent nodes needs 3 time steps.

Consider any pair of virtual substars X; and X; obtained from 1-split on Sy, where ¢ # j.
Each node rzgz3-- -z, of X; has a direct link to node syoys - - -y, of X; along dimension u

such that z,, = s and y,, = r, where r and s are non-* symbols. That is, if we say the relation
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of direct link is represented by lines connecting virtual substar. Then, each virtual substar X;

of Sy are fully connected with each other X; of 5.

For instance, given an Sg, a 5-split on G is to partition G into six 5-substars *****1,
Rk, Ry Rk ks and **FR4*6. Consider substar ****56 is one of substars af-
ter applying D’-split on G, where D' = {5,6}. The 1-split on ****56 is to decompose ****56
into virtual substars 1*¥**56, 2***56, 3***56, and 4***56 as shown in Fig. 2. Therefore,
di =2,dy =3, and dj = 4. Fig. 2 indicates that virtual edges joining = and gs2(gs(g2(x)))
along virtual dimension 2, where z in virtual substars 1***56, 2***56, 3***56, and 4***56.
Since performming permutation function, the number of nodes with different color is always
equal to 6, so all paths from z to g2(g3(g2(z))) are edge-disjoint. Node 123456 of virtual sub-
star 1¥***56 has direct link to 213456, 321456, and 423156 of virtual substars 2¥**56, 3***56,
and 4***56, respectively. The other nodes of 1***56 also have links connecting to nodes
in 2¥*¥*56, 3***56, and 4***56. Therefore, the virtual substar 1***56 are fully connected
with 2***56, 3***56, 4***56. Similarly, virtual substars 2*¥**56, 3***56, and 4***56 are fully

connected with each other.

Definition 2 : Adjacent substars

Given any two k-substars G = z1zo---2;---xn and H = y1yo - - - y; - - - yn, are said to be
adjacent if and only if the labels of G and H differ in exactly one dimension, where 1 < { < n.
|

For instance, 3-substar G = ***31 are adjacent to H = ***41, but not adjacent to H'
= ***13. In the following, we will describe the adjacent relation under applying the j-split
operation. For given two adjacent k-substars G = z1z9---2;---zp and H = y1y2---yj - - Yn
such that z; = y; = *. If we apply the j-split on G and H, we will obtain k substars
(dimension k£ — 1) from each of G and H. One can easily see that all £ substars in G are
adjacent to each other, and so are those in H. If the adjacent relations are represented by
lines connecting substars, each (k — 1)-substars of G (or in H) are fully connected with each
other substars of G (or in H). Furthermore, among these substars, k¥ — 1 substars in G are
adjacent to & — 1 substars in H in a one-to-one manner. For example, if we apply 5-split
on G = Sy as shown in Fig. 1, ****1 are fully connected with **¥*2 **¥*3 *¥**4 and
*EXXD, If G = *¥***3, H = ****4 and we apply 4-split on ****3 and ****4, we can see that
each substar of ***13, ***23, ***43 and ***53 is fully connected with each other. Similarly,
substars ***14, ***24 ***34 and ***54 are also fully connected. Moreover, there are 3
pairs of substars (¥**13, ****14) (*¥**23, ****24) and (***53, ***b4) are adjacent. Given
a sequence of k-substars [Gy, G, -, Gi—1], a (k,t)-ring is defined here before constructing

our reconfiguration scheme.

Definition 3 : (k,t)-ring

A sequence of k-substars [Go,G1,---,Gi—1] is denoted as an (&, t)-ring if substars G; is
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*Ek*%k GG 1*¥%*56

413256 143256 341256 431256

123456/ | [213456/0 | [312456|0| |[132456]@
- e 124356 @ | 2143560 | 412356/@| | 142356/ @
a 132456/@ | [3124560 | [213456|0| | |123456|@
121458 324156 134256/@ | 3142560 | |413256|0| | |143256|@
142356/@ | |412356/0 | |214356/0| || 124356|@
143256\@ | 413256/ | [314256|c| ||134256|@
231456 342156
e ZHHS6 D 13456l0| | [1234561e | [3214560 | [231456]0
214356/0| | [124356/@ | 14213560 | |241356|0
132456 432156 2314560 3214560 123456 /@ 213456|/0
234156/0 | 3241560 | 423156/ | |243156/0
2413560 | |421356|0| | |124356@| | |214356/0
341256 241356 243156|0| 82| 4231560/ 8 | 324156/0| 82| |234156|O
3956 | (3514560 | (23145610~ | [132456|@ 7| [312456/0
PRV 324156(0] | 234156/ | [432156/@| | |342156/0
3124560 | |132456le | 2314560 | 3214560
31425600 | |134256|@ | [431256|0 | [341256/0
412356 3421560 | |432156|0 | [234156/0| | |324156/0
124356 b 341256/0 | |431256/0 | |134256|@| | |314256|0
314256 awsse 00315610l | 243156100 | 34215610 | [432156/@
o 44456 421356/ | 24135610 | |142356|@ | |412356|0
O yriag 43215610 | [342156/0 | 243156 /0| | |423156]0)
O Jersag 431256/0 | |341256|0 | |143256|@ | |413256|0)
o 1rrrig 4123560 | |142356@ | [241356/0| | |421356|0)
@ @ O @)

Figure 2: The virtual edges joining x and g2(g3(g2(z))) along virtual dimension 2, where
z in virtual substars 1*¥*¥*56, 2*¥**56, 3***56, and 4***56.

adjacent to its neighboring G;_1) mod ¢ a0d G(i41) mod ¢+ for any ¢ = 0.t — L.
Before defining our final reconfiguration, we give the following lemma.

Lemma 1 : Given a (k,t)-ring = [Go, G1,- -, G¢—1], a feasible (k — 1, kt)-ring can be con-
structed from the (k,t)-ring.

Proof: Let j be an integer such that the j-th symbol of all G;, 0 < i < t—1, in (k, t)-ring
is *, each G; is applied the j-split to obtain &k (k — 1)-substars. All the (k — 1)-substars are
fully connected by the adjacent relation, and there are £— 1 connections between G; and G;_;
(and G;y1). It can be easily to derive a feasible (k — 1, kt)-ring by visiting all (£ — 1)-substars

of G; and one of k£ — 1 connections between G; and G;_; (and G;41).

O
The 1-split is performed on each G; of a (k, t)-ring = [Go, G1,---,G;,---,G¢—1] to obtain
a sequence of wirtual substars [Xo, X1, ---, Xi, ---, Xp—1], As mentioned earlier, each X;

is a virtual substar. Based on Lemma 1, our final reconfiguration scheme, namely fauli-free

substar-ring Rs(k — 1, h), is defined as follows.

Definition 4 : Fault-free substar-ring R (k — 1, h)
Let Rs(k —1,h) = [Xo, X1, --+, Xi, -+, Xp—1] denote a feasible fault-free substar-ring,
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where [Xo, X1, -+, X, ---, Xp_1] is a sequence of disjoint fault-free virtual substars of
dimension k£ — 1. The R (k — 1,h) is constructed by each node in X; connecting to a node
I X(;_1) moa b @31d X(341) moa  With dilation 3 at most, for all 0 < ¢ < h — 1. Therefore, the
R,(k—1,h) is

Xo+— X1+ Xo— - Xp_o+— Xp_1 — Xp.
|

If the connection Xj_1 +— X does not exist, then a fault-free substar-chain, denoted by
Cys(k — 1,h), is constructed. Obviously, a fault-free substar-ring Rs(k — 1, h) can be treated
as a fault-free substar-chain Cy(k — 1, h) with the same size of virtual substars. The processor
utilization of Rs(k — 1,h) and C4(k — 1,h) are (kK — 1)! x h. We describe the diameter of
Ry;(k —1,h) and C4(k — 1, h) as follows. First, if each virtual substar is seen as a unit, there
are h virtual substars X to form a ring, so | %] is diameter of ring of virtual substars. In
each Xj_1 of Rs(k — 1,h), we can only uses 3 steps to jump to next virtual substar since all
of edges of G; are nonfaulty if X;_; is obtained by 1-split on Gj;, so [%J is needed. When
arrive to final virtual substar Xj_;, we still need at most 3 x |3(k — 2)] steps to arrive
any nodes in the Xj_1, since |3(k — 2)] is the diameter of S;_;. Therefore, diameter of
Ry(k — 1,h) and Cs(k — 1,h) are at most |3(k —2)] + [%J and |$(k —2)| + 3h. where
h=n{n—1)---(k—1). In this paper, we will only focus our attention on constructing a

feasible fault-free substar-ring Rs(n — 3, ) in a faulty star graph.

3. Centralized Algorithm of Identifying Maximal Fault-Free Substar-ring

In Section 3.1, an efficient algorithm is proposed to identify the Rs(n — 3, h) that can tolerate
at most n — 3 faults. For showing the application capability of this scheme, we describe how
to apply ASCEND/DESCEND algorithms on the Rs(n — 3, k). To tolerate more than n — 3

faults, a modified algorithm is given in Section 3.2.

3.1 Construction of R,(n — 3,h) with n — 3 Faults

In the following, we describe a centralized algorithm to identify the maximal fault-free substar-
ring Rs(n — 3, h) (IMSR) for tolerating n — 3 faults in a faulty n-star graph. Besides, we also
state how to apply ASCEND/DESCEND algorithms on the Rs(n — 3, h).

The IMSR algorithmn is divided into three steps. First, we recognize all maximal fault-free
Sp_o substars from an SE'. Second, a (n — 2,t)-ring is constructed from the S,,_» substars,
where n(n — 1) — (n — 3) <t < n(n—1) — 1. Third, the maximal fault-free substar-ring
R;(n — 3,h), h < (n — 2)t, is constructed by applying 1-split on each S,_o substars of
(n — 2,t)-ring. The detail steps of IMSR algorithm are described in the followings.

In the beginning, we apply D-split on SI to obtain n(n — 1) S,_o substars based on the

best selection of set D. Different value of set D produces different sets of fault-free and faulty
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substars. If possible, all faulty nodes may be located in one S,,_o under a best selection of a
set D. Then there are at most n? — n — 1 fault-free S,,_o substars can be used. Finding the
best set D is achieved by recognizing the maximal number of S,,_» substars. Our best set D
produces the maximum number of fault-free S,_s. It can be easily justified since all faulty
nodes are possibly collected into same substars by our selected set D, so maximum number of
fault-free S, _o will be obtained. The task is achieved as follows. Given a set of faulty nodes
F, f = |F|, in an n-star. Consider a node or substar ¢ = z1z9-- - Tp, z; € {*,1,2,---,n} and
i = l..n, an extraction function is defined by e;(x1z2--- ;- - x,) = x;. A predicate function
[2] is defined by

P(x):{ 1 ifz = TRUE

0 if z = FALSE.

Let t¢ be the occurrences of eq(y;) = i under a fixed value d, 1 < i < n and y; € F. That
is, td = Zle P(eq(y;) = i), where "eq(y;) = 4" is a boolean expression. Let mg denote by
max?_; (t8). The best set D is obtained by finding dimensions k and &’ such that my and my,
are the first and second largest values among my, where d = 1..n. For example, assume a
faulty star Ss with F = {12435, 32451, 52134}, since e5(12435) = e(32451) = e5(52134) = 2,
we have t3 = 3 and t3 = t3 = t2 = 2 = 0. Therefore, my = max?_,(¢?) =3. Similary, we can
also obtain m; = 1, m3 = 2, mg4 = 2, and mg = 1. Thus set D is {2, 3} or {2, 4} since both
m3 and my4 are equal to 2. If we choose D = {2, 3}, the minimal number of faulty substars
is 2. That is, *24** and *21** are faulty substars and *12%* *13%* *14%* *1p¥* *23**

*QEFH KJ KA AJQEK KPR AFHEE ALPHE KAPRE ¥A3F* and *45** are fault-free substars.

The next step is to construct a (n — 2,t)-ring from S} under set D = {k, k'}. Intuitively,
the k-split on faulty Sy, is to partition the S)” into n S,_; substars so that we can construct
a (n—1,n)-ring. We then apply &’-split on all S;,_; substars of the (n — 1, n)-ring to obtain
n(n — 1) Sp,_o substars. In our scheme, we withdraw all faulty substars from n(n — 1) S,_o
substars. Therefore, a (n — 2, t)-ring is constructed from all non-faulty S,,_o substars, where
t<n(n-—1)—f.

Lemma 2 : Given a (n—1,n)-ring, if f < n —3, it is possible to construct a (n — 2, t)-ring
from the (n — 1,n)-ring, where n2 —2n+3<t<n?-n-—1.

Proof: Given a set D = {k,k'}, we apply the D-split on the Sf. A (n — 1,n)-ring is
first obtained by applying the k-split on the Sff . If the k'-th symbol of G;, 0 < i < n—1,
in (n — 1,n)-ring is *, each G; is applied the k'-split to obtain n — 1 S,,_5 substars. As
mentioned earlier, all the S,_o substars are fully connected (by the adjacent relation), and
there are n — 2 connections between G; and G;_; and G;1;. Since there are n — 3 S,_o
substars of G; are faulty at most, there exists at least one connection between G;_; and
G;11. By the similar reason of Lemma 1, it is trivial to derive a feasible (n — 2,t)-ring by
visiting all non-faulty substars of G; even when there are at most (n — 3) faulty substars in
G;, wheren{n—1)—(n—-3)<t<n(n-1)-1.

O



Figure 3: A maximal fault-free substar-ring R,(2, 54).

Therefore, a (n—2,t)-ring, is constructed, where n? —2n+3 <t < n? —n — 1. There are
n(n — 1) S,,_o substars and n — 3 of them are faulty at most. In the case, the (n — 2,t)-ring
uses n(n — 1) — (n — 3) Sp_o substars if f < n — 3, therefore the PUR is %22_"—7;"3 and the
diameter is |3(n —4)] + [ﬂ";éx"—_?’zj The reason is similar to mention in Section 2. For
example, if set D = {4, 5}, then *¥¥%] 3 *FE%Q (4 *kkkq (o HrkkG L KRG L FRKE] g 5
(4, 5)-ring as indicated in Fig. 3. Note that substars ***41 and ***52 are faulty. Therefore,
a (3, 18)-ring is shown in Fig. 3.

Given a (n—2,t)-ring = [Gy, G1,- - -, G¢—1], all (n—2)! nodes of G; exchange the contents
with its corresponding node of adjacent substars G(;_1) mod t 0T G(i11) mod ¢- Using GROUP-
COPY procedure [20], the task is achieved by 3 time steps if there is no fault occurring. But
if there exists faults, GROUP-COPY procedure can’t work, so the task cost O(n — 2) time
by only using (n — 3)! direct links. A scheme to reduce the communication cost is proposed
here. Our scheme is to apply 1-split on each S,_o substar G; of a (n — 2,t)-ring to obtain

virtual substars X;, where 0 < j < (n — 2)t. Each X, is worked as a processing unit. These
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X, can finally construct a ring with 3-dilation links as shown in Theorem 1.

Theorem 1 : Given a (n—2,t)-ring = [Gy,G1,---, Gy, - -, G¢—1], it is possible to construct
a Rs(n—3,h) = [Xo, X1, -+, Xj, - -+, Xp—1] such that each pair of neighboring X; and X,
is connected at most 3-dilation links, where h = (n — 2)t.

Proof: First, if X; and X;;, are located in same G; of the (n — 2,t)-ring, 1 <[ < ¢,
X, directly links to X;1. Second, if X; and X;,; are respectively located in neighboring
G; and Gy of the (n — 2,t)-ring, there exists a pair of X’ (in G;) and X" (in G 1) such
that X’ direct links to X”. The 3-dilation links are X; > X' <+ X" < X;,. Specially, if
X" = X1, then links between X; and X are only 2-dilation links. As a result, each pair
of neighboring X; and X1 of Rs(n — 3, h) is connected at most 3-dilation links.

|

Recall above example, Fig. 3 shows a feasible R4(2,54) =[6**21, 4**21, 3**21, 2**51,
4**51, 3**51, ..., 1%%35, 4%%35, 2%*35, 3**25, 4**25, 1**25]. Note that, virtual substars
3**12 and 2**14 are respectively located in ***12 and ***14, edges between 3**12 and

2¥*%14 are 3**12 < 4*¥*12 < 2*%*14.

The IMSR algorithm is outlined as follows.
Algorithm: Identifying maximal fault-free substar-ring (IMSR)
Input: An S, with faulty nodes set F, where 1 < f <n —3.

Output: Substars sequence [Xo, X1, --+, X;_1] is obtained, where (n — 2)(n? — 2n + 3) <
h<(n-2)(n2-n-1).

Step 1: Find the best set D = {k, k'}. The maximal number of fault-free substars is obtained
by partitioning S into disjoint S,,_o substars along dimensions k and &'.

Step 2: Identify a (n — 2,t)-ring based on Lemma 2 among all fault-free S,,_o substars,
where n? —2n+3<t<n?-—n-1,

Step 3: Construct the maximal fault-free substar-ring R;(n — 3,h) by Theorem 1, where
(n—=2)(n?=-2n+3)<h<(n—-2)n?-n-1).

The total time cost Trarsr of IMSR algorithm is analyzed as follows. In step 1, time cost
O(nf) can be achieved by using a linear-time integer sort [1] to determine the value of set
D. When f = n — 3, the time cost is O(n?). Step 2 only needs time cost O(n) to construct
the (n — 2,t)-ring. In step 3, time cost O(n?) is needed to split each S,_z of (n — 2,t)-ring
to obtain Rs(n — 3,h), where h < (n — 2)t. Consequently, the total time cost of Trprsr can
be measured by the following equation.

Trusr = O(n?) + O(n) + O(n’) = O(n?)

For demonstrate the application capability, we indicate how to execute sorting operation
on Ry(n—3,h) = [Xo, X1, -+, Xj, -+, Xn—1). First, an efficient sorting algorithm on star
graph [17] can be performed on each wirtual substar X; of Rs(n — 3,h) such that unsorted
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Figure 4: Constructing a substar-tree T'.

elements on each X; are sorted. Second, if each virtual substar X; of Ry(n—3, h) is worked as
a processing unit, the Odd-Even Transposition Sort algorithm [1] can be performed on ring
of these processing units. After performing above operations, in final, data elements in all
virtual substars will be sorted. The detail algorithm can refer the similar sorting operations
on the maximal fault-free subcube-ring in faulty hypercubes [23]. Furthermore, using the
similar matrix-multiplication operations on maximal fault-free subcube-ring [23], we can also
perform the matrix-multiplication algorithm on Rg(n — 3,h). Similarly, lots of scientific

algorithms on star graph [8] [20] can be tailored onto our Rs(n — 3, h).

3.2 Construction R,(n — 3,h') with More Than n — 3 Faults

In Section 3.1, a (n — 2,t)-ring and its Rs(n — 3, h) can not be constructed when f > n — 3.
In this subsection, we describe how to construct Ry(n —3,h’) whenn —3 < f <n? —n. It
is known that an N-node ring can be one-to-one embedded with dilation 3 in any connected
N-node network [4]. Given a S and its best set D = {k,k'}. Initially, we construct a
tree, namely substar-tree T, among n S,_1’s, which are obtained by performing k-split on
Sff . Each node of substar-tree T is an S,_1. Then all possible fault-free virtual substars
can be obtained by performing k’-split and 1-split operations on each node of substar-tree T.
These fault-free virtual substars can still form a connected network. Therefore, a ring of the
virtual substars with 3-dilation links is obtained. The ring is denoted as Rs;(n — 3,h’). In the
following, we describe the modified IMSR’ algorithm to construct substar-tree T and then to
obtain the final Ry(n — 3,h').

The detail algorithm of modified IMSR’ algorithm is described as follows. We apply
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k-split on SF to produce n S,_1’s and collect them into set ¥, where D = {k,k'}. The
substar-tree T is constructed based on set ¥. As we stated earlier, each node of substar-tree
T is an S,,_1 substar. The total nodes of substar-tree T is at most n. Before describe how to
construct substar-tree T, we define a function AD(G, G') to represent the adjacent relation
of a pair of S;,_1’s G and G', where G and G’ belong to set ¥. The k'-split on G and G’ is
to decompose G and G’ into 2(n — 1) S, _2’s, each of them is fault-free or not. Let function
AD(G, G') denote the number of pairs of adjacent fault-free S,,_o substars z and y, where
and y are located in G and G’, respectively. If AD(G, G') > 0, there exists at least one pair
of adjacent fault-free S,,_o’s between G and G’. Otherwise, no fault-free S,,_o’s are adjacent
if AD(G, G') = 0. For example, if set D = {4,5}, substars ***41, ****51 and ***52 are
faulty substars as shown in Fig. 4, there is no fault-free adjacent substar S3’s between ****1
and ***EQ go AD(FFHR*] KHHRE2) = 0. Equation AD(****1, **¥**3) = 1 holds because ***21
and ***23 are the only pair of fault-free adjacent substars. Similarly, equations AD(****1,
k) = 9 AD(FFRR] RRRRE) = 9 and AD(*¥F¥3, ¥¥¥%2) — 2 are obtained.

Continually, substar-tree T is constructed as follows. First, root of tree T" is a substar
selected from set W randomly. By using the Breadth-First-Searching method, we can expand
branches of substar-tree T' as follows. Branches of tree T represent the possible connecting
substars. Each node u of substar-tree T' probes each of remaindering substar v from set W.
If the condition AD(u,v) > 0 exists, then node u connects to the substar v and eliminate
v from set V. Repeatedly performing above probing operations until set ¥ is empty or no
connecting substar can be further found, substar-tree T’ is constructed. Since there exists at
least one branch of each node of substar-tree T, so substar-tree T is a connected network.
The 1-split is performed on each S,,_o substar of substar-tree T to obtain all possible virtual
substars. Each virtual substars is treated as a processing unit, and these virtual substars still
form a connected network. Therefore, a maximal fault-free substar-ring Rs(n — 3,h') with
3-dilation links can be obtained [4], where A’ < n(n — 1)(n — 2) — 1. Recall above example,
let root of substar-tree T be ****1, branches of root are ****3, ****4 ****5 and branch of
*RHEZ is *¥***2. The substar-tree T is shown in Fig. 4. After applying 1-split on all S3’s of
substar-tree T, a R4(2,17 x 3) = R4(2,51) with 3-dilation links is obtained.

Finally, we analyze the total time cost Trysrr of modified IMSR algorithm. In step
1 of identifying all S,,_o, time cost O(nf) is needed if using a linear-time integer sort [1].
When f = n? —n — 1, the time cost is O(n?). During constructing substar-tree T, there are
O(n?) times to perform AD operation each one needs O(n) time. It takes O(n?) to construct
substar-tree T. Time cost O(n?) is needed to split n(n —1) S,_o’s into n(n — 1)(n — 2) virtual
substars. Consequently, the total time complexity of Trpssr can be measured by the following
equation.

Tivsr = O(n®) + O(n’) + O(n?) = O(n®)
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Table 1: Percentage distribution of processor utilization of maximal fault-free substar-
ring Rs(2, h) in a Sy, where the number of faulty 3-substars is from 1 to 19 and

3< h <57
The number of faulty 3-substars
PUR &

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
5% 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 633 26.555.01 84.15 100
10% 6 0 0 0 0 0 0 0 0 0 321 1145 26.40 45.68 65.38 74.96 66.7243.31 1585 0
15% 9 0 0 0 0 24 .65 273 7241505 23.79 3335 37.03 32.8524.5515.03 6.14 168 0 0
20% 12 0 0 0 0 0 0 0 .65 123 263 467 561 518 351 214 64 0 0 0
25% 15 0 0 0 0 0 0 4 19 435 836 947 87 6.65 419 1.54 0 0 0 0
30% 18 0 0 0 0 0 37 6 212 5691029 11.62 1020 6.68 2.37 0 0 0 0 0
35% 21 0 0 0 0 0 0 1.10 331 8.07 11.09 12.12 7.82 2.96 0 0 0 0 0 0
40% 24 0 0 0 0 0 .58 2.12 526 8.19 1239 9.61 424 0 0 0 0 0 0 0
45% 27 0 0 0 0 40 .12 126 5571217 12.89 7.71 0 0 0 0 0 0 0 0
50% 30 0 0 0 0 0 .06 6.21 10.02 16.29 15.35 0 0 0 0 0 0 0 0 0
55% 33 0 0 0 0 0 470 4.96 15.14 28.96 0 0 0 0 0 0 0 0 0 0
60% 36 0 0 0 0 152 87 9.88 48.79 0 0 0 0 0 0 0 0 0 0 0
65% 39 0 0 0 0 045 54470.73 0 0 0 0 0 0 0 0 0 0 0 0
70% 42 0 0 0 0 2.07 86.21 0 0 0 0 0 0 0 0 0 0 0 0 0
5% 45 0 0 0 439532 0 0 0 0 0 0 0 0 0 0 0 0 0 0
80% 48 0 0 09957 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
85% 51 0 0 100 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
90% 54 0 100 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
95% 57 1100 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4. Performance Analysis

In this section, we analyze the distributed percentage of processor utilization of the maximal
fault-free substar-ring under two cases of number of faulty processors are assumed. First, if
f is not larger than n — 3, the PUR is at least "27:2—2_”74'3 Second, we will depict the PUR of

our reconfiguration scheme even when n —3 < f <n? —n — 1.

The percentage of processor utilization of Rs(n — 3,h) is analyzed as follows. In our
simulation, the addresses of faulty processors are randomly generated on each of 10000 sim-
ulations for fixed n and f. For illustrating the capability of fault tolerance, we consider the
worst case to simulate the PUR. An S, is partitioned into n(n — 1) S,_2 by step 1 of IMSR
algorithm. Here, we denote the number of faulty S, o by r. The factor of the value of r
presents the degree of occurring faults. The larger value r is, the more number of occurring
faults will be. The factor of value of r is used to analyze the PUR. If percentage of processor

utilization of Rs(n — 3, h) is larger than 50%, the slowdown factor of computation has more

t n?—2n+43
nZ—n

opportunity to reduce to be smaller than 2. In the case of f < n—3, the PUR is leas
and is always larger than 50%. All possible maximal fault-free substar-ring Rs(n — 3, h) and
percentage distribution of processor utilization in a faulty S5, where 1 < r < 52 —5 —1(= 19)
and 3 < h < 57, are shown in Table I. For instance, when n = 5 and r = 1, 2, and 3, 100%

cases of S5 can be identified into R,(2,57) with 95% processor utilization, 100% cases are
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Figure 5: The average PUR of Ry(n — 3,h) of S,,, for 5 <n < 12.

identified into R4(2,54) with 90% processor utilization, and 100% cases are identified into
R,(2,51) with 85% processor utilization, respectively. When n =5 and r = 4, 99.57% cases of
Sy are identified into R,(2,48) with 80% processor utilization and 0.43% cases are identified
into R4(2,45) with 75% processor utilization. This indicates that the smaller the value of r
is, the maximal fault-free substar-ring with high PUR generally be determined. As shown
in Table I, all more than 73% cases to exploit the more than 50% processor utilization in
an faulty Ss when 1 < r < 8. This displays that the percentage of processor utilization of

maximal fault-free substar-ring Rs(n — 3, h) is always larger than 50% when r < n(n —1)/2.

The average PUR is discussed as follows. The average PUR is defined by the sum of
percentage of processor utilization of each R¢(n — 3,h) * PUR of the R4(n — 3,h). For
instance in Table I, when n = 5 and r = 4, 99.57% of R,(2,48) with PUR = 80% and 0.43%
of R4(2,45) with PUR = 75% are identified, so the average PUR is 99.57% * 80% + 0.43%
* 5% = 79.9785%. In our simulation, we estimate the average PUR under the cases of
5 < n < 12. The simulation results of the average PUR with different value of r are depicted
in Fig. 5. The average PUR with value of r being larger than n(n — 1)/2 are always larger
than 50% as depicted in Fig. 5. The average PUR is inverse proportional to the value of r,
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i.e., the larger value of r is, the lower average PUR will be. For instance, when the number
of faulty S,_o substars are n(n — 1)/10, 2n(n — 1)/10, and 3n(n — 1)/10, the average PUR
are about 90%, 80%, and 70%, respectively. Consequently, Therefore, the smaller number of
faulty S,,_o substars is, the high average PUR is obtained.

As a conclusion, when the number of faulty S,_o are smaller than n(n —1)/2, more than
50% of average PUR are obtained by our simulation results. This is indicated that our scheme

has reasonable average PUR, so our scheme is a truly effective reconfiguration method.

5. Conclusion

In this paper, we propose a reconfiguration scheme to identify the maximal fault-free substar-
ring for tolerating faults in faulty n-dimensional star graph. The fault-free substar-ring is
connected by a ring of fault-free virtual substars with dilation 3. This is the first result to
propose a reconfiguration scheme in the faulty star graph. Our proposed scheme can tolerate

n — 3 faults such that the processor utilization is %22_"—7;"3 and the diameter is |3(n — 4)]

+ [MJ This is a near optimal result since the maximal fault-free substar-ring is
constructed by using all of the possible fault-free (n—2)-substars. For demonstrate application
capability, we describe how to apply sorting algorithm onto our reconfiguration scheme.
Moreover, our reconfiguration scheme can work when faults exceeds n — 3. We also simulate

the algorithm for showing the reconfiguration scheme with high processor utilization.

In order to preserve low diameter and obtain better processor utilization, identifying the
maximal fault-free substar-ring Rs(k — 1,h) is the main objective of this study. Determin-
ing the maximal fault-free substar-ring Rs(k — 1, h) is controlled by what values of £ and A
being are the best selection. It is possible to construct a Rs(k — 1,h), & < n — 2, to obtain
higher diameter and processor utilization. Specially, if £ — 1 = 1, our scheme becomes simple
problem of ring embedding on the faulty star graph. However, in this paper, we only focus
on identifying the maximal fault-free substar-ring Rs(n — 3,h) to keep lower diameter and

obtain reasonable processor utilization.

6. Acknowledgments

We appreciate the constructive comments received from reviewers who have helped to improve

the correctness and presentation of this article.

- 15 -



10.

11.

12.

13.

14.

15.

References

S. G. AKkl, Parallel Sorting Algorithms, Academic Press, Inc, 1985.

M. D. Davis and E. J. Weyuker, Computability, Complexity, and Languages, Academic
Press, Inc, 1983.

R. P. Grimaldi, Discrete and Combinatorial Mathematics: An Applied Introduction,
Addison-Wesley Publishing Company, 1985.

F. T. Leighton, Introduction to Parallel Algorithms and Architecture: Array - Tree -
Hypercube, Morgan Kaufmann Publishers, 1992.

S. Akers, D. Harel, and B. Krishnamurthy, ” The star graph: an attractive alternative
to the n-Cube,” Proc. of Int. Conf. Parallel Processing 1987, pp. 393-400.

S. B. Akers and B. Krishnamurthy, ” A group-theoretic model for symmetric intercon-
nection networks,” IEEE Transactions on Computers, Vol. 38, No. 4, pp. 555-565, April
1989.

S. G. Akl, K. Qiu, and I. Stojmenovic, ”Data communication and computational ge-
ometry on the star and pancake interconnection network,” Proc. of the Third IEEE
Symposium on Parallel and Distributed Processing, pp-415-422, Dec. 1991.

S. G. Akl, K. Qiu, and I. Stojmenovic, " Fundamental algorithms for the star and pan-
cake interconnection networks with applications to computational geometry,” Networks,
Vol. 23, No. 4, pp. 215-225, July 1993.

N. Bagherzadeh, N. Nassif, and S. Latifi, ” A routing and broadcasting scheme on faulty
star graphs,” IEEE Transactions on Computers, Vol. 41, No. 11, pp. 1398-1403, Nov.
1993.

M. Y. Chan and S. J. Lee, "Distributed fault-tolerant embeddings of rings in hyper-
cubes,” Journal of Parallel and Distributing Computing, Vol. 11, 1991, pp. 63-71.

H. L. Chen and N. F. Tzeng, ” Quick determination of subcubes in a faulty hypercube,”
Proc. of 1992 International Conference on Parallel Processing, 1992, Vol. I11, pp. 338-
345.

Y. S. Chen and J. P. Sheu, ” A reliable sorting algorithm on hypercube multicomputers,”
Journal of Parallel Algorithms and Applications, Vol. 5, No. 2, pp. 165-186, 1995.

K. Day and A. Tripathi, ” A comparative study of topological properties of hypercubes
and star Graphs,” IEEFE Transactions on Parallel and Distributed Systems, Vol. 5, No.
1, Jan. 1994, pp. 31-38.

J. S. Jwo, S. Lakshmivarahan, and S.K. Dhall, ”Embedding of cycles and grids in
star graphs,” Proc. of 2nd IEEE Symp. Parallel and Distributed Processing, 1990, pp.
540-547.

S. Latifi, " Task allocation in the star graph”, IEEE Transactions on Parallel and Dis-
tributed Systems, Vol. b, No. 11, pp. 1220-1224, Nov. 1994.

- 16 -



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

J. Migié, Z. Jovanovié, ” Communication aspects of the star graph interconnection net-
work,” IEEE Transactions on Parallel and Distributed systems, Vol. 5, No. 7, 1994, pp.
678-687.

A. Menn and A. K. Somani, ” An efficient sorting algorithm for the star graph intercon-
nection network,” Proc. of the 19th International Conference on Parallel Processing,
Pennsylvania, U. S. A.; Vol. 11, pp. 1-8, Aug. 1990.

D. Nassimi, ”Parallel algorithms for the classes for +2° DESCEND and ASCEND
computations on a SIMD hypercube,” IEEE Transactions on Parallel and Distributed
systems, Vol. 4, No. 12, 1993, pp. 1372-1381.

F. J. Provost and R. Melhem, ” Distributed fault tolerant embedding of binary trees and
rings in hypercubes,” Proc. of International Workshop in Defect and Fault tolerance in
VLSI systems, 1988.

K. Qiu, S. G. A. and H. Meijer, ”On some properties and algorithms for the star and
pancake interconnection networks,” Journal of Parallel and Distributing Computing,
Vol. 22, 1994, pp. 16-25

K. Qiu, H. Meijer and S. Akl, ”Decomposing a star graph into disjoint cycles,” Infor-
mation Processing Letters, 39, pp. 125-129, Aug. 1991.

J. P. Sheu, Y. S. Chen, and C. Y. Chang, ”Fault-tolerant sorting algorithm on hyper-
cube multicomputers,” Journal of Parallel and Distributed Computing, Vol. 16, No. 2,
pp. 185-197, Oct. 1992.

Y. S. Chen and J. P. Sheu, "Tolerating faults in injured hypercubes using maximal
fault-free subcube-ring,” Parallel Computing, Vol. 23, No. 3, pp. 311-331, May 1997.

S. Sur and P. K. Srimani, ” A fault tolerant routing algorithm in star graph intercon-
nection network,” Proc. of the 20th International Conference on Parallel Processing,
Pennsylvania, U. S. A., Vol ITI, pp. 267-270, 1991.

Y. C. Tseng, S. H. Chang, and J. P. Sheu, "Fault-tolerant ring embedding in star
graphs,” IEEE Transactions on Parallel and Distributed Systems, Vol. 8, No. 12, Dec.
1997, pp. 1185-1195.

- 17 -



